Despite advances in resolution accompanying the development of high-field superconducting magnets, biomolecular applications of NMR require multiple dimensions in order to resolve individual resonances, and the achievable resolution is typically limited by practical constraints on measuring time. In addition to the need for measuring long evolution times to obtain high resolution, the need to distinguish the sign of the frequency constrains the ability to shorten measuring times. Sign discrimination is typically accomplished by sampling the signal with two different receiver phases or by selecting a reference frequency outside the range of frequencies spanned by the signal and then sampling at a higher rate. In the parametrically sampled (indirect) time dimensions of multidimensional NMR experiments, either method imposes an additional factor of 2 sampling burden for each dimension. We demonstrate that by using a single detector phase at each time sample point, but randomly altering the phase for different points, the sign ambiguity that attends fixed single-phase detection is resolved. Random phase detection enables a reduction in experiment time by a factor of 2 for each indirect dimension, amounting to a factor of 8 for a four-dimensional experiment, albeit at the cost of introducing sampling artifacts. Alternatively, for fixed measuring time, random phase detection can be used to double resolution in each indirect dimension. Random phase detection is complementary to nonuniform sampling methods, and their combination offers the potential for additional benefits. In addition to applications in biomolecular NMR, random phase detection could be useful in magnetic resonance imaging and other signal processing contexts.
Despite advances in resolution accompanying the development of high-field superconducting magnets, biomolecular applications of NMR require multiple dimensions in order to resolve individual resonances, and the achievable resolution is typically limited by practical constraints on measuring time. In addition to the need for measuring long evolution times to obtain high resolution, the need to distinguish the sign of the frequency constrains the ability to shorten measuring times. Sign discrimination is typically accomplished by sampling the signal with two different receiver phases or by selecting a reference frequency outside the range of frequencies spanned by the signal and then sampling at a higher rate. In the parametrically sampled (indirect) time dimensions of multidimensional NMR experiments, either method imposes an additional factor of 2 sampling burden for each dimension. We demonstrate that by using a single detector phase at each time sample point, but randomly altering the phase for different points, the sign ambiguity that attends fixed single-phase detection is resolved. Random phase detection enables a reduction in experiment time by a factor of 2 for each indirect dimension, amounting to a factor of 8 for a four-dimensional experiment, albeit at the cost of introducing sampling artifacts. Alternatively, for fixed measuring time, random phase detection can be used to double resolution in each indirect dimension. Random phase detection is complementary to nonuniform sampling methods, and their combination offers the potential for additional benefits. In addition to applications in biomolecular NMR, random phase detection could be useful in magnetic resonance imaging and other signal processing contexts.
compressed sensing | MRI I n NMR and MRI, practical constraints on data sampling limit the achievable frequency resolution. In sampling-limited regimes, it is increasingly clear that eschewing the use of uniform sampling enables the recovery of high-resolution spectra using substantially fewer samples (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) . The approach is not without limitations: Nonuniform sampling (NUS) introduces sampling artifacts that present severe limitations. When the discrete Fourier transform (DFT) is used to obtain a frequency spectrum from NUS data (16) (17) (18) , the resulting spectrum is the convolution of the sampling schedules's point-spread function (PSF) with the true spectrum (19) . A host of non-Fourier methods of spectrum analysis can effectively deconvolve the PSF from the NUS spectrum (3, 8, 15, 16, (20) (21) (22) (23) (24) (25) (26) (27) (28) , and although successful to a degree, their ability to remove sampling artifacts is invariably limited by the presence of noise. Thus the design of efficient nonuniform sampling schemes that minimize sampling artifacts is an active area of research in both NMR and MRI. The power of randomness for minimizing sampling artifacts, essentially by inducing decoherence of the sampling artifacts, has been recognized (12, (29) (30) (31) , and incoherent sampling is one of the principal tenets in the field known as compressed sensing (22, 32, 33) . Many of the artifacts that accompany nonuniform sampling are spectral aliases (34, 35) , and randomization helps to suppress them in part by increasing the effective bandwidth of a sampling scheme.
In NMR, the need to unambiguously determine the sign of the frequency places additional demands on sampling. Spectrum analysis of an oscillating signal from single-phase measurements is subject to sign ambiguity of the frequency (36) . An approach widely used to resolve this ambiguity is to simultaneously detect two orthogonal phases (simultaneous quadrature detection). When simultaneous quadrature detection is not feasible, oversampling by a factor of 2 together with placing the detector reference frequency outside the spectral window spanned by the signal can resolve the ambiguity. The detector frequency can be shifted outside the spectra window either by actually setting it there or by time-proportional phase incrementation (TPPI) (37) . Alternatively, two orthogonal phases can be detected sequentially (sequential quadrature detection; ref. 38) . The total number of samples required to resolve the sign ambiguity is the same whether quadrature detection or oversampling is employed.
Randomness can also be used to resolve sign ambiguity, which itself is a form of aliasing. We show that single-phase detection using uniform sampling, while randomly choosing either 0°or 90°p hase for each sample point (random phase detection, RPD), is able to resolve the frequency sign ambiguity. RPD results in a factor of 2 reduction in the number of samples required, compared to quadrature or TPPI detection methods, for each indirect dimension of a multidimensional experiment, or a factor of 2 increase in resolution in each dimension for a fixed amount of sampling. RPD data can be processed using conventional DFT methods, but as with NUS data, this results in sampling artifacts. More sophisticated spectral estimation methods that suppress sampling artifacts are preferable. The gains that can be achieved with RPD are comparable to those obtained with NUS. However RPD is complementary to NUS, permitting the methods to be used concurrently.
Theory
A one-dimensional time series collected using quadrature detection is a vector z of complex values:
The DFT spectrum of z is given by w ¼ DFTðzÞ:
If z contains an exponentially decaying sinusoid with frequency f and decay rate r,
then w will contain a peak centered at w j , where j ¼ f N (for simplicity, we may assume that f N is an integer). However, if we throw away the imaginary components of z, leaving only the single-phase signal z sp ,
the corresponding spectrum w sp will contain symmetrical peaks centered at both j ¼ f N and j ¼ ð1 − f ÞN, as can be seen by replacing j with N − j and taking the complex conjugate in Eq. 2.
With RPD, we throw away one component from each element of z, but randomly select either the real or imaginary component:
where for each k, p k is set at random to either 0 or 1 (p is the sampling vector). The corresponding DFT spectrum, w RPD , will contain artifacts, owing to the missing data values, but it will have only one peak. Fig. 1A shows a one-dimensional DFT spectrum for a synthetic simultaneous quadrature dataset containing a single exponentially decaying sinusoid. Fig. 1B shows the spectrum obtained using only the real component of the data [w sp ¼ DFTðz sp Þ], illustrating the sign ambiguity attending single-phase detection. Fig. 1C shows the spectrum obtained using RPD. Although the sign ambiguity is lifted, significant sampling artifacts are apparent. Fig. 1D shows the spectrum obtained from the same data (z RPD ) using maximum entropy (MaxEnt) reconstruction (39) . MaxEnt reconstruction determines the spectrum having the maximum entropy subject to the constraint that the inverse DFT of the spectrum is consistent with the measured data (40) . The sampling artifacts in Fig. 1D , which resemble those in C, are greatly reduced but not eliminated. [The ability of MaxEnt reconstruction and related methods to suppress sampling artifacts is limited by the presence of noise (41); the example here is unrealistic because the data contain no noise. Although in this case MaxEnt is capable of nearly complete elimination of the sampling artifacts, we purposely tempered the reconstruction here to demonstrate that, when sampling artifacts are not totally eliminated, they resemble dampened versions of the sampling artifacts present in the zero-augmented DFT spectrum.] The total amount of data employed in Fig. 1 B-D is one-half that of A.
RPD is closely connected to NUS, but they are not the same. A nonuniformly sampled one-dimensional time series would be given by
where the p k values constitute the sampling schedule; equivalently, we have z NUS k ¼ z k p k . By the Convolution Theorem, it follows that the NUS spectrum w NUS ¼ DFTðz NUS Þ can be written as a convolution:
w NUS ¼ w Ã DFTðpÞ: [7] In this equation, DFTðpÞ can be regarded as a PSF. However w RPD cannot be written as a convolution, because it is not true that z RPD
Nevertheless, NUS and RPD share many properties, in particular, the ability to obtain a desired spectral resolution with fewer data values than conventional sampling would require. The benefits of RPD and NUS both come at the price of sampling artifacts in the spectrum. These artifacts can be suppressed, but not eliminated, by processing the data using non-Fourier methods. In addition, RPD and NUS need not be mutually exclusive. Single-phase detection with random choice of phase can be combined with nonuniform sampling in time.
These notions generalize to higher dimensions. In NMR, a two-dimensional time series is a matrix z of hypercomplex values (38, 42) :
[8]
where i 1 and i 2 are distinct commuting imaginary units
representing 90°phase shifts in the two time dimensions. An RPD time series z RPD with sampling matrix p is given by
The same approach extends to three or more dimensions.
Application of RPD to multidimensional NMR requires only slight modification of conventional methods. In a conventional ndimensional NMR experiment, the real and imaginary components of the acquisition or real-time dimension (t n ) are collected simultaneously by the spectrometer hardware. In the indirect dimensions (i.e., t 1 , t 2 ;…;t n−1 , the dimensions that are sampled parametrically rather than in real time), the various hypercomplex components are detected as 2 n−1 separate complex time series (free induction decays, FIDs). To apply RPD in t 1 through t n−1 , one collects only a single FID for each time index k 1 ;:::::;k n−1 according to the sampling function. The resulting dataset can be processed using the DFT in the normal way, if it is first expanded by inserting zeroes for the FIDs that were not acquired. Alternatively, to ameliorate the sampling artifacts that arise with DFT, the data can be processed by methods that do not assume that the nonsampled FIDs are zero, such as MaxEnt reconstruction.
Results Fig. 2A illustrates a two-dimensional cross-section from a fourdimensional DFT spectrum for a C,N-NOESY simultaneous quadrature experiment on the first Dbl-homology domain (DH1) from the protein Kalirin. obtained by applying the DFT to a dataset consisting solely of the real/real/real components in the three indirect time dimensions selected from the same dataset used in A. Fig. 2 C and D illustrates the cross-section obtained using DFT and MaxEnt reconstruction, respectively, applied to a random-phase subset of the data. The amount of data employed in Fig. 2 B-D are one-eighth that employed in A. Fig. 3 compares RPD to conventional NUS. Fig. 3 A and B depicts the DFT and MaxEnt spectra, respectively, for a twodimensional NUS dataset in which 25% of the samples from a 64 × 64 hypercomplex matrix were randomly selected. Fig. 3 C and D depicts the DFT and MaxEnt spectra, respectively, for a two-dimensional RPD dataset. Both approaches employ the same number of samples. There is essentially no difference between the NUS and RPD spectra. It is noteworthy that the sampling artifacts in the two-dimensional DFT spectra are noticeably smaller than the sampling artifacts in the one-dimensional DFT spectrum (Fig. 1) .
For a fixed number of data samples, RPD improves resolution by a factor of 2 compared to quadrature or TPPI detection methods. The gain is illustrated in Fig. 4 , which shows two-dimensional spectra obtained for a pair of synthetic sinusoids with similar frequencies. Fig. 4A is the result using quadrature detection and 64 samples in each dimension. Fig. 4B is the result of using RPD and 128 samples in each dimension. Although both A and B employed the same amount of data, the peaks are clearly resolved using RPD (B), but not using conventional quadrature detection (A).
Discussion
For linear methods of spectrum analysis (such as the DFT), the sensitivity of multidimensional experiments employing RPD is diminished by ffiffi ffi 2 p for each dimension in which it is applied, relative to quadrature detection. The sensitivity per unit time, however, is unchanged. Because there is no time cost to performing simultaneous quadrature detection in real time when two detectors are available, RPD saves time only when applied in parametrically sampled (indirect) dimensions. Thus the time-saving benefits of RPD are mainly restricted to sampling-limited settings, rather than sensitivity-limited settings.
The properties of sampling artifacts associated with NUS can be derived from the properties of the PSF. Lustig et al. (22) showed that the standard deviation of the side-lobe-to-peak ratio (SPR) of the PSF for random sampling is given by
where N is the number of samples and p is the sampling reduction factor G∕N, with G the total number of grid points. The example in Fig. 3 shows that the sampling noise distributions associated with RPD and NUS have similar statistical properties. Although the DFT can be applied to RPD data (as for NUS data), the attendant artifacts can be problematic. For multidimensional data, where the sampling artifacts tend to be less pronounced than in one dimension, or data in which the dynamic range (the difference between the strongest and weakest signal components) is low, the artifacts can be circumvented by simple thresholding of the DFT spectrum. In general, however, both RPD and NUS benefit from the use of non-Fourier methods of spectrum analysis (such as MaxEnt or l 1 -norm minimization; refs. 27 and 28) that can suppress sampling artifacts.
RPD and NUS can both be considered special cases of a more general data collection scheme in which arbitrary hypercomplex components are acquired for arbitrary subsets of sample times. This scheme affords greater freedom for tailoring the sampling for optimizing sensitivity or resolution or minimizing artifacts. Another possible generalization of RPD involves the phase of the samples; although the approach used here always collects data using phases of 0°or 90°(i.e., the real or imaginary components in each time dimension), in principle, one could acquire data at arbitrary intermediate phases. Just as with "off-grid" NUS sampling schemes (39) , however, such datasets could not be processed with the DFT.
In conclusion, RPD reduces the number of samples required to discriminate frequency sign by a factor of 2 for each dimension in which it is employed. Conversely, RPD can be used to increase resolution by a factor of 2 for a fixed number of samples. RPD is applicable to any signal processing application that employs coherent detection, but for applications where coherent detection is employed in more than one dimension, such as multidimensional NMR spectroscopy or MRI, the benefits in decreased measurement time or improved resolution can be substantial. RPD, much like NUS, provides a fresh avenue for optimizing data collection in multidimensional NMR experiments to increase the information content of spectra or reduce data collection time. Because RPD and NUS are complementary, their combination affords the potential for improvements over either method alone.
Materials and Methods
Uniformly sampled 4D C,N-NOESY data were collected using a Varian 600 MHz instrument equipped with a cryogenic probe. We employed the heteronuclear multiple quantum coherence-NOESY-heteronuclear single quantum coherence pulse sequence implemented in the Varian BioPack pulse sequence library (gChmqcnoesyNhsqc). The NMR sample contained 0.6 mM of the Kalirin DH1 domain (pH 6.8), 50 mM Hepes buffer. The experiment was performed at 25°C. Carrier frequencies, spectral widths, and the number of (complex) samples in each dimension were as follows: DFT and MaxEnt reconstruction computations were performed using the Rowland NMR Toolkit. The software, which implements MaxEnt reconstruction for RPD, NUS, and joint RPD-NUS data, is available from the authors.
A B f 2 f 2 f 1 Fig. 4 . Two-dimensional DFT spectra illustrating the improved resolution afforded by RPD for a fixed amount of data, using synthetic data consisting of two exponentially decaying sinusoids separated by 55 Hz in f 2 . The onedimensional f 2 cross-section through the peaks is superimposed. A corresponds to a 64 × 64 hypercomplex data matrix employing quadrature detection. B corresponds to a 128 × 128 hypercomplex data matrix employing RPD. The same amount of data are used in each panel.
